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LIMIT POINTS IN THE LAGRANGE SPECTRUM OF A QUADRATIC FIELD BY S. M. J. WILSON (*)
ABSTRACT. -We show that the Lagrange spectrum L(Q [^/D]} of a real quadratic field has limit points. In the process we prove a curious relationship between the periods of the continued fractions of certain quadratic numbers. Let D be a non-square positive integer. Cusick and Mendes-France [1] have asked whether the Lagrange spectrum of Q[^/D] contains limit points. Woods [2] (in examining the equivalent problem for the Markov spectrum) has shown that the answer is yes in the case D=5. The main purpose of this paper is to show that the general answer is yes. To do this we establish an interesting Theorem on continued fractions which, more or less, generalizes the result used by Woods. I should like to acknowlege the helpful conversations that I have had with Mendes-France.
We give a short resume of the facts we need. If aeR then its Lagrange number, L(a), is defined to be Um sup (q || a q ||)~" and if, moreover, w i -m,, ^ 2 for r 961 we know that the maximum is achieved with r=l.
We write (n^for the matrix ( We observe that V(a)=a so the continued fraction for a is purely repeating. Put V^{ •). Now ^(a)=a so (fl-<0/c=a-ha and fc/c= -aa whence ad^ -aac^det K Now (a+d) 2^( a-d) 2^4 ad so (a + d) 2 -c 2 D = 4 del K Hence ^= V< for some x. As 5 is minimal so are the coefficients of V and so V= V«. Moreover Y^ = r' for some r and as the eigenvalues of Y^ are O" and 8" we have n==r. Remark. -There is "experimental evidence" that this result generalizes along the following lines but the exact relationship (along with any necessary restrictions), and hence the proof, eludes me. Let F'=(wi)...(m,), 0 be the positive eigenvalue of V\ u^^^" and r; =(0"-^") ^D then, for sufficiently large n : &i, ...,fr(,Wi, ...,w;.,Ci, ...,cJ.
H-; times
Proo/. -We omit the routine verification that -X', (?,.)=?" (The only "explanatory" proof I have constructs X^ from ?" and factorizes it by assuming such a factorization exists. It is unsuitable for inclusion here because of its length and its convoluted logic.)
Using the fact that u^/v^ -^ ^/D we find that Hence, as this matrix satisfies the required inequalities strictly, there must be an r as required in the Theorem. The existence of t is proved similarly. it is clear from Theorem 2 that A (D) also has a limit point.
